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A numerical model for predicting the flow and orientation state of semi-dilute, rigid fiber suspensions in a
tapered channel is presented. The effect of the two-way flow/fiber coupling is investigated for low Rey-
nolds number flow using the constitutive model of Shaqfeh and Fredrickson. An orientation distribution
function is used to describe the local orientation state of the suspension and evolves according to a Fok-
ker–Plank type equation. The planar orientation distribution function is determined along streamlines of
the flow and is coupled with the fluid momentum equations through a fourth-order orientation tensor.
The coupling term accounts for the two-way interaction and momentum exchange between the fluid
and fiber phases. The fibers are free to interact through long range hydrodynamic fiber–fiber interactions
which are modeled using a rotary diffusion coefficient, an approach outlined by Folgar and Tucker.
Numerical predictions are made for two different orientation states at the inlet to the contraction, namely
a fully random and a partially aligned fiber orientation state. Results from these numerical predictions
show that the streamlines of the flow are altered and that velocity profiles change from Jeffery–Hamel,
to something resembling a plug flow when the fiber phase is considered in the fluid momentum equa-
tions. This phenomenon was found when the suspension enters the channel in either a pre-aligned, or
in a fully random orientation state. When the suspension enters the channel in an aligned orientation
state, fiber orientation is shown to be only marginally changed when the two-way coupling is included.
However, significant differences between coupled and uncoupled predictions of fiber orientation were
found when the suspension enters the channel in a random orientation state. In this case, the suspension
was shown to align much more quickly when the mutual coupling was accounted for and profiles of the
orientation anisotropy were considerably different both qualitatively and quantitatively.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In this work, we investigate the effect of the two-way coupling
between the flow field and the orientation state of rigid fiber sus-
pensions flowing through a tapered channel. Flow in the channel is
governed by Cauhy’s momentum equations for viscous, incom-
pressible, planar, isothermal flow, using the constitutive model of
Shaqfeh and Fredrickson (1990) to describe the local stress contri-
bution from the fiber phase. The fiber concentration considered
here is semi-dilute, which is be defined mathematically through
the following relationship (e.g. Doi and Edwards, 1984):

1 6 nL3
6

L
d

ð1Þ

where n is the number density of fibers in the suspension, that is,
the number of fibers per unit volume, L is the fiber length and d
is the fiber diameter. In this study, we consider suspensions with
ll rights reserved.

rochak).
identical properties to those used in the experiments performed
by Krochak et al. (2008). These suspensions contained fibers of
length L = 5 mm, diameter, d = 0.1 mm and of concentration
nL3 ¼ 8. The fiber aspect ratio, r, that is, the ratio of fiber length, L
to its diameter, d, is 50. The Reynolds number, based on the length
of the fiber is asymptotically small and based on the inlet channel
height is approximately 500.

Controlling the orientation state of fiber suspensions in tapered
channel flows is of major interest to papermaking. During paper-
making, a semi-dilute fiber suspension flows through a specially
shaped duct called a headbox. The first section of the headbox con-
sists of a manifold that sets up a uniform flow across the duct. The
flocculated fiber suspension is then fluidized by turbulence created
locally from a sudden change in geometry just after the manifold.
This is indicated in Fig. 1 as the turbulence generators. The fluid-
ized fiber suspension subsequently passes through a planar con-
traction called the nozzle, which accelerates the fluid to a high
speed and creates a thin planar jet. The jet is typically 10 m wide,
1 cm thick with a mean velocity in excess of 20 m/s. The jet then
impinges on a permeable mesh where the water is drained and
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Fig. 1. A generalized industrial headbox.

Fig. 2. The orientation of a fiber with respect to flow in a linear contraction. / is the
angle of the fiber projected into the xy-plane and the h is the angle of the fiber with
respect to the z-axis.
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the paper sheet formed. The orientation distribution of the pulp fi-
bers on the forming mesh plays a fundamental role in determining
the strength of the final product.

Fiber orientation in paper depends on a number of different fac-
tors, such as the fiber orientation state at the contraction inlet, the
concentration of fibers in the suspension, and perhaps most impor-
tantly, on the flow field generated after the turbulence generator.
Major theoretical developments in fiber suspension rheology have
been made over the last two decades. Perhaps most notably, it has
been established that the suspension rheology and flow field re-
spond to the orientation state of the suspension (e.g. Batchelor,
1970; Cox, 1970; VerWeyst and Tucker, 2002; Lipscomb and Denn,
1988). The result is a two-way coupling between the fiber orienta-
tion state and the underlying flow field. The first to address this is-
sue was Batchelor (1970) who developed a general constitutive
equation for the bulk stress in a suspension of rigid, inertialess par-
ticles of arbitrary shape in a Newtonian fluid. By representing a sin-
gle particle in suspension as a distribution of Stokeslets over a line
enclosed by the particle body, Batchelor determined expressions
for the resultant force required sustaining translational motion
and the resultant couple required to sustain rotational motion.
Dinh and Armstrong (1984) extended Batchelor’s theory to account
for the orientation state of elongated particles and its effect on the
bulk stress within the suspension. This was accomplished by
assuming that the orientation state of the suspension can be com-
pletely described by a known orientation distribution function, W,
such that the probability of finding fibers oriented between the an-
gles / and /þ o/ is Wð/Þo/. By linearizing the flow field around
the particle they were able to equate Batchelor’s constitutive equa-
tion to a new constitutive equation; one that is proportional to the
fourth-order moment tensor of W. The proportionality constant is
referred to as the effective viscosity of the suspension. Shaqfeh and
Fredrickson (1990) derived asymptotic expressions for the effec-
tive viscosity of dilute and semi-dilute suspensions of rods in a
Newtonian fluid. For semi-dilute fiber suspensions, they express
the fiber stress as follows:

sfiber ¼ lcr2 _c : hppppi
lnð1=cÞ þ lnðlnð1=cÞÞ þ 1:439

ð2Þ

where c is the volume fraction of fibers within the suspension
which can be related to the concentration parameter, nL3 as
c ¼ 4pnL3

3r2 ; l is the viscosity of the suspending fluid and _c is the fluid
strain rate tensor, defined as

_c ¼ ðruþruTÞ ð3Þ

The remaining term that needs to be defined in Eq. (2) is the
fourth-order moment of the orientation distribution function W.
It is often referred to as the fourth-order orientation tensor and
is defined as
hppppi ¼
Z

pipjpkplWð/Þd/ ð4Þ

where p is a unit vector pointing in the direction parallel to the axis
of the fiber, that is

p ¼
cos / sin h

sin / sin h

cos h

2
64

3
75 ð5Þ

where / is the projected angle of the fiber in the xy-plane and h is
the angle between the fiber and the z-axis, see Fig. 2.

The analytic theory of fiber motion in Newtonian flows is also
well established. Jeffery’s equation of motion (Jeffery, 1922) for a
single rigid ellipsoid in an unbounded flow forms the basis for most
of this work. For cases above the dilute limit, quantitative relation-
ships between the suspension orientation state and processing
conditions have shown that the problem formulation should ac-
count for the fact that fibers orient in response to gradients in
the flow and disorient in response to hydrodynamic fiber–fiber
interactions (e.g. Koch, 1995; Folgar and Tucker, 1984; Rahnama
et al., 1995; Altan et al., 1989; Lipscomb and Denn, 1988; Jackson
et al., 1985). To help address this issue, Folgar and Tucker (1984)
model fiber–fiber interactions as randomly occurring events
resulting in a behavior which seemingly mimics a diffusion-type
process. In this approach, these authors use an empirically deter-
mined rotary diffusion coefficient, Dr, whose value is unknown a
priori and must be determined through experiment. They pro-
posed, through dimensional analysis, a simple relationship in
which Dr is linearly proportional to the magnitude of the rate of
strain tensor, k _ck. For two dimensional flow in a linear contraction,
Dr can be expressed as

Dr ¼ CIk _ck ð6Þ

where CI is traditionally called the interaction coefficient and is re-
lated to a number of suspension parameters such as concentration,
aspect ratio, and fiber length.

Recently, researchers have been making great efforts to perform
3D fiber orientation predictions for 2D and 3D flows inside com-
plex geometries using a fully coupled model of fiber orientation
(e.g. VerWeyst and Tucker, 1999, 2002; Lipscomb and Denn,
1988; Lin and Zhang, 2002). The difficulty with this approach lies
in the large computational domain required to resolve both the
spatial and orientation domains when directly computing the ori-
entation distribution function. In order to deal with this problem,
researchers have had to rely on the use of orientation tensors to
predict fiber orientation as opposed to a direct computation of
the orientation distribution function (e.g. Jackson et al., 1985;
VerWeyst and Tucker, 1999, 2002). The second-order orientation
tensor, hppi, for the orientation distribution function, W, contains
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all the useful information on the orientation state of the suspen-
sion. For example, the eigenvectors of hppi give the principal direc-
tions of fiber alignment, while the associated eigenvalues give the
magnitude of fiber alignment in that direction (e.g. Advani and
Tucker, 1987). The problem with modeling hppi, however, is that
the system of equations is not closed therefore a closure approxi-
mation is always needed (e.g. Advani and Tucker, 1987, 1990). A
further complication to the problem is that the best known closure
approximations rely on some a priori knowledge of the orientation
distribution itself (e.g. Cintra and Tucker, 1995; Chung and Kwon,
2001), either experimental data or a direct computation of the ori-
entation distribution function. This makes stand alone predictions
using this method extremely difficult. Parsheh et al. (2005) evalu-
ated the performance of existing closure models with application
to accelerating flows by experimentally measuring the fiber orien-
tation distribution along the centerline of a tapered channel. These
studies again showed that while a good closure approximation can
be obtained, it requires knowledge of the orientation distribution
at a set of points within the flow.

Despite these difficulties, there have still been many numerical
studies aimed at predicting the orientation state of fiber suspen-
sions in various complex geometries by assuming a one-way cou-
pling between the suspension flow and the fiber orientation state.
In these studies, the flow field is assumed to influence fiber orien-
tation, but remains unaffected by the fiber orientation state. For
the most part, these studies have been quite successful. For exam-
ple, VerWeyst and Tucker (1999) used a Galerkin finite element
method (FEM) to predict fiber orientation patterns in a variety of
injection molded features using the tensor formulation of fiber ori-
entation. They showed that their predictions compared well with
experiments when the detailed calculation can be reduced to two
spatial dimensions. They also found that 3D calculations were in
good qualitative agreement with experimental observations. Olson
et al. (2004) determined analytically the mean flow field along the
centerline of a tapered channel, neglecting the two-way coupling
between the fluid and fiber phase, then used the Fokker–Plank
equation to predict the 2D orientation state for the resulting flow.
They chose a global rotary diffusion coefficient which models the
effect of turbulence on the orientation state by fitting their compu-
tations to the experimental data of Ullmar and Norman (1997) and
Zhang (1998). Hyensjö et al. (2007) extended the work of Olson
et al. (2004) by using single phase CFD modeling to predict the flow
field along streamlines of a tapered channel. They used these re-
sults to compute the 2D fiber orientation distribution along indi-
vidual streamlines of the flow in the absence of fiber–fiber
interactions and flow–fiber coupling. Parsheh et al. (2006) studied
the effect of contraction shape on fiber orientation using a similar
approach to that of Olson et al. (2004) where the flow field was
approximated analytically and the planar fiber orientation distri-
bution was estimated using a one way coupled solution. These
studies showed that fiber orientation is strongly influenced by
the shape of the contraction and independent of turbulent disper-
sion; a result which was attributed to the different flow fields aris-
ing inside the different contraction due to different geometries.

The two-way coupling between the flow field and fiber orienta-
tion distribution is nonetheless a key element in predicting the
behavior of fiber suspensions. In studies by Lipscomb and Denn
(1988), the flow of dilute fiber suspensions was compared to that
of a pure fluid through an axisymmetric contraction. They modeled
fiber orientation by using the so-called aligned fiber approxima-
tion, whereby fiber alignment is assumed to be parallel to the
streamlines of the flow. These studies showed that structural
changes occur in the flow field even for fiber concentrations below
0.1% volume fraction. VerWeyst and Tucker (2002) later used the
fully coupled, Galerkin FEM solution to predict the flow of fiber
suspensions through a variety of complex geometries which in-
clude axisymmetric contractions, expansions and center-gated
disks. For the axisymmetric expansion, they showed the formation
of a large corner vortex and that this vortex grows in size with
increasing fiber concentration. They also showed that the size of
the vortex predicted with a coupled solution was much larger than
that predicted with an uncoupled solution. For the center-gated
disk, they report that the effect of the coupling was to displace
streamlines toward the bottom surface as flow enters the disk re-
gion, and to align the fibers more rapidly in the radial direction.
What is clear from these studies is that there is a significant differ-
ence between the coupled and uncoupled solution for the flow
field and fiber orientation distribution.

Experimental measurements of suspension flows seem to be far
fewer. However, those that do exist suggest that the flow of fiber
suspensions differs considerably from the flow of Newtonian
fluids, particularly under laminar conditions. For example, Xu
and Aidun (2005) experimentally measured the velocity profiles
of fiber suspensions in a rectangular channel using pulsed ultra-
sound Doppler velocimetry. The fiber concentration in their mea-
surements was varied in the range 0:67 6 nL3

6 6:7 and covered
Reynolds numbers ranging from 2000 to 92,000. Their velocity pro-
file measurements showed the formation a plug region in the cen-
ter of the channel for nL3 ¼ 6:7 at Re = 2000. They suggest that the
plug region may be the result of mechanical entanglement of the
fiber phase which results in a fluid/fiber network that flows as a
plug. Heath et al. (2007) experimentally studied the flow of a
0.4% mass concentration pulp suspension through a 1:5 axis sym-
metric sudden expansion. They found that for a mean velocity,
U � 0.5, the suspension moved as a plug far after the expansion,
with the exception of a narrow gap near the wall where flow gra-
dients were found to exist.

This current study is motivated by a need to investigate the ef-
fect of the two-way coupling on the flow and orientation state of
fiber suspensions in a tapered channel. We directly compute the
orientation distribution function along individual streamlines of
the flow using the rotary diffusion model of Folgar and Tucker
(1984), that is Eq. (6) using values for the interaction coefficient,
CI, as previously measured by Krochak et al. (2008). In the first part
of this work, we compare flow fields in the contraction predicted
with and without the coupling based on two different fiber orien-
tation states at the contraction inlet, namely a partially aligned and
a fully random fiber orientation state. That is, we compare the flow
of a pure Newtonian fluid to that of a semi-dilute fiber suspension
based on different inlet conditions. In the second part of this work,
we compare model predictions of the orientation state of the sus-
pension, again based on a coupled and uncoupled solution and two
different orientation states at the channel inlet. A discussion of the
consequences of working with an uncoupled model and the effect
on the flow field and fiber orientation predictions is given.
2. Problem formulation

2.1. Fiber orientation evolution model

The two general methods for modeling the behavior of fibers in
suspension are the Lagrangian and Eulerian methods. In the
Lagrangian method, the equations of motion for a single fiber are
solved for a given velocity field and the process is repeated for each
fiber within the suspension. While the Lagrangian method can be
quite accurate, it is computationally intensive, particularly for
non-dilute suspensions flowing within complex geometries. With
the Eulerian method, the probability distribution of fiber orienta-
tion (and possibly position) is determined by solving a convec-
tion–diffusion equation, namely a Fokker–Plank type equation.
With this approach the mean flow field convects the fibers position
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Fig. 3. Plots of the fiber orientation distribution at the contraction inlet. Shown are
a partially aligned orientation state (top) and a random orientation state (bottom).
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and orientation while long range, hydrodynamic fiber–fiber inter-
actions dampen alignment. This dampening, or diffusion-type pro-
cess effectively results in a flux which opposes the local gradient of
the mean fiber orientation state.

The following general assumptions will be made for the Euleri-
an analysis outlined below:

1. The nominal fiber length is small enough that the flow field can
be assumed to be linear along the length of the fiber.

2. The orientation state of the fibers at a point in space can be
described by a probability distribution function, W.

3. The fibers are uniformly distributed in space throughout the
flow field and translate along streamlines of the flow.

4. Fibers are rigid and large enough that Brownian motion can be
neglected.

The linear contraction used in this study is shown in Fig. 2. It
consists of a channel bounded both above and below by rigid walls
converging at a fixed angle. To further simplify the problem, we
consider a 2D planar model of fiber orientation where each fiber
is assumed to be oriented in the xy-plane, with an orientation de-
scribed by the single angle /. This is not actually true in theory,
where the rotary diffusion term creates out-of-plane orientation
in planar flows. However, the flow field is idealized as planar which
implies the fiber orientation in the h direction will be symmetric
about h ¼ p

2 (e.g. Hyensjo and Dahlkild, 2008). Therefore we believe
that the effect of the out-of-plane fiber orientation will not signif-
icantly change the qualitative behavior of our numerical predic-
tions, and the effect of the two-way coupling will still be well
established. As a result of this assumption, the fiber orientation
vector in the xy-plane is defined as follows:

p ¼
cos /

sin /

� �
ð7Þ

In order to directly determine the orientation distribution func-
tion in shear flows, a number of authors (e.g. Leal and Hinch, 1971;
Folgar and Tucker, 1984; Altan et al., 1989; Koch, 1995; Lin and
Zhang, 2002; Parsheh et al., 2005; Alexandrou and Mitsoulis,
2007) describe the evolution of fiber orientation by a probability
density function W that obeys a Fokker–Planck relationship, i.e.

oW
ot
þ u

oW
ox
þ v oW

oy
¼ Dr

o2W

o/2 �
o _/W
� �
o/

ð8Þ

where u and v are the fluid velocity field components in the x- and
y-directions, respectively, and Dr the rotary diffusion coefficient. To
re-iterate, Dr is defined according to Eq. (6) using values of CI as
measured by Krochak et al. (2008). _/ in Eq. (8) is the rotational
velocity of an individual particle moving in a laminar flow and is
modeled according to Jefferey’s equation (Jeffery, 1922)

_/ ¼ 1
2

ov
oy
� ou

ox

� �
sinð2/Þ � ou

oy
sin2ð/Þ þ ov

ox
cos2ð/Þ ð9Þ

In general, / can assume any value in the range �p 6 / 6 p. If,
however, the fibers are symmetric, as they are assumed to be in
this study, the two ends of a fiber are indistinguishable, therefore
/ can be limited to the range � p

2 6 / 6 p
2. W on the other hand,

is free to assume all non-negative, real values. The two extremes
of this range are W ¼ 1 and W ¼ 0. This extreme case is only pos-
sible when the suspension is in a perfectly aligned orientation
state, i.e. every fiber in the suspension is aligned in exactly the
same direction. In this rare case, W becomes a Dirac delta-function,
with its singularity, or infinite value occurring at the value of / cor-
responding to the direction of fiber alignment, and W = 0 for all
other values of /.
The boundary conditions for W are as follows:

1. Since the two ends of a fiber are indistinguishable from one
another, periodic boundary conditions must be enforced with
respect to the orientation angle /, that is

Wðx; y;/Þ ¼ Wðx; y;/þ pÞ ð10Þ

2. Since W is a probability density function it must satisfy a nor-
malization constraintZ p

2

�p
2

Wðx; y;/Þ ¼ 1 ð11Þ

3. At the channel inlet we consider two different inlet fiber orien-
tation states, namely a fully random orientation state which
results in a constant value of W, that is

Wð0; y;/Þ ¼ 1
p

ð12Þ

The other inlet orientation state considered is a partially aligned one,
where W is set to equal the experimentally observed orientation dis-
tribution previously observed by Krochak et al. (2008), that is

Wð0; y;/Þ ¼ Wexpð0; y;/Þ ð13Þ

These two inlet conditions are shown in Fig. 3.
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It should be pointed out that no boundary conditions are as-
signed to W along the walls of the channel. At distances less than
one half fiber length from the wall, a rigorous formulation of the
problem should account for the fact that fibers are not free to as-
sume all orientation states, since some fiber orientations in this re-
gion would place one end of the fiber inside the wall. The near wall
depletion of allowed fiber orientation states is also believed to re-
sult in a non-uniform fiber concentration profile in this near wall
region (e.g. Schiek and Shaqfeh, 1995). This simplification, albeit
a common one in fiber orientation modeling, may lead to some er-
rors in the model predictions. For example, it has previously been
shown that just outside of this near wall region, fiber orientation
shifts away from the channel walls (e.g. Stover and Cohen, 1990;
Olson, 1996; Asplund and Norman, 2004; Hyensjö et al., 2007).
This shift in fiber orientation near the channel walls may be one
of the underlying mechanisms behind structural changes to the
flow field and thus to the fiber orientation state when a two-way
coupled model is used. In the later stages of the channel used in
this work, particularly toward the end of the channel, neglecting
these near wall boundary conditions should not result in any sig-
nificant errors since the fiber suspension becomes highly aligned
in a direction parallel to the x-axis. That is, fibers do not assume
any of these a-physical orientation states. However, neglecting
these boundary conditions in the earlier stages of the channel
may have a strong impact on the suspension viscosity and in the
momentum transfer, particularly for suspensions entering the
channel in a fully random orientation state. We do not consider
non-uniform concentration profiles, nor do we impose these rigor-
ous boundary conditions on W near the channel walls in this work.
The only physical constraint that is enforced near the channel walls
in this work is that W cannot be transported through the walls, that
is,

u
oW
ox
þ v oW

oy
¼ 0 ð14Þ

This condition is naturally satisfied by the no-slip constraint of the
fluid at the walls given that oW

ox and oW
oy remain finite.

The fluid flow is described using Cauchy’s equations of motion
for an incompressible fluid, that is

r � u ¼ 0 ð15Þ

q
ou
ot
þ u � ru

� �
¼ �rP þr � s ð16Þ

where q is the fluid density, P is the pressure and s is the stress ten-
sor, that is the sum of both the Newtonian fluid and fiber
contributions

s ¼ lðruþruTÞ þ sfiber ð17Þ

The fiber stress term, sfiber couples the presence of the fibers
into the momentum equations and depends on the orientation
state of the suspension. For this study, we use the form derived
by Shaqfeh and Fredrickson (1990) given by Eq. (2).

2.2. Numerical formulation

Numerical computations are carried out for the flow of semi-di-
lute fiber suspensions of concentration nL3 ¼ 8, or an equivalent
volume fraction c ¼ 0:0025. The channel geometry is shown in
Fig. 2 where we used an inlet height, y0 ¼ 0:026 m, an exit height,
ye ¼ 0:0026 m and a channel length, l ¼ 0:13 m. This results in a
taper angle of 10.2� with respect to the x-axis, and a contraction ra-
tio, that is the ratio inlet to exit heights of the channel, R = 10,
which is typical of many industrial headboxes. These physical
dimensions were ultimately chosen to match a similar experimen-
tal device at our research facility from which the interaction
coefficient, that is, CI, in Eq. (6) was measured, along with the
experimental inlet conditions for W. For nL3 ¼ 8, Krochak et al.
(2008) determined the interaction coefficient to be CI ¼ 0:037.

The flow field is computed in this device using the commercial
software package, FLUENT (www.fluent.com). The solution to the
flow field is obtained using a 2D, segregated, implicit solver, with
water at 20 �C as the fluid phase. A no-slip condition is enforced
along the channel walls. At the channel inlet, a parabolic profile
is enforced with a peak inlet velocity of 0.01 m/s in the x-direction.
It should be pointed out that this choice of boundary condition is
not necessarily correct for fiber suspension flows, as the fibers alter
the structure and profile of the flow. However, the effect of the fi-
ber phase on the flow field can still be well studied with this choice
of boundary condition by means of studying differences between
coupled and uncoupled velocity fields further down the channel.
An iterative procedure is used whereby the flow field is initially
determined for the pure fluid that is water with no fibers, after
which Eqs. (8) and (9) are solved using the initial flow field data.
The contribution of the fiber phase to the total stress on the fluid
is defined by Eq. (2) and is computed upon solving the orientation
equations for W. Once computed, the gradient of the fiber stress is
determined and then treated as a momentum source term in the
fluid momentum equations. This source term is then used in Fluent
by means of a so-called User Defined Function written in C and
interpreted by Fluent. The fluid flow equations are then solved
again to produce a new flow field. On each iteration, the flow field
is deemed to be converged when the L2 norm of the solution resid-
ual is less than 10�6. The process is repeated until the change in the
L2 norm of the velocity vector between successive iterations is less
than 10�6. Changes in the total pressure were not considered as
part of the convergence criterion since they were typically on the
order of 10�3 between successive iterations.

Eq. (8) is solved along individual streamlines of the flow under
steady-state conditions and then the solution is interpolated onto
the original 2D rectangular mesh used in solving the flow equations.
We placed streamlines at the inlet channel heights y = ±0.0220,
±0.0183, ±0.0147, ±0.0110, ±0.0073, ±0.0037, 0. By solving along
individual streamlines of the flow, Eqs. (8) and (9) are reduced to a
quasi-1D problem which is formulated as follows. The values of
u;v ; ou

ox ;
ov
ox ;

ou
oy ;

ov
oy are computed using Eqs. (15) and (16), and their val-

ues are mapped onto each streamline position, sðx; yÞ using a com-
mercial CFD visualization program, Tecplot (www.tecplot.com).
With these values known, _/ðx; yÞ is computed according to Eq. (9)
at each Cartesian point, (x,y), along each streamline. The streamline
position variable, sðx; yÞ, is computed by integrating the differential
arc length of each streamline, beginning at the channel inlet where
sð0; y0Þ ¼ 0, through to the channel exit. More specifically, we define
the streamline coordinate as follows:

sðx; yÞ ¼
Z ðx;yÞ

ðxo ;yoÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dx02 þ dy02

q
ð18Þ

where ðxo; yoÞ are the starting points for each individual streamline
at the channel inlet and ðx0; y0Þ are integration variables. Therefore,
sðx; yÞ is the distance along the respective streamline. Eq. (8) is then
mapped onto each streamline according to the following
transformations:

oW
ox
¼ oW

os
os
ox

ð19Þ

oW
oy
¼ oW

os
os
oy

ð20Þ

This leads to the steady-state, quasi-1D form of Eq. (8)

u
oW
os

os
ox
þ v oW

os
os
oy
¼ Dr

o2W

o/2 �
o _/ðsðx; yÞÞW
� �

o/
ð21Þ

http://www.fluent.com
http://www.tecplot.com
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Fig. 5. An example of the mesh used to predict the flow field in the contracting
channel (a), and a second mesh used to show mesh convergence (b).
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Eq. (21) is discretized using first-order accurate, implicit for-
ward differences with respect to the spatial streamline variable,
s, and second-order accurate centered differences with respect to
the orientation angle /. This yields the following system of equa-
tions to be solved:

ui;j
os
oxi;j
þ v i;j

os
oyi;j

 !
Wiþ1;j �Wi;j

Ds

¼ Dr
Wiþ1;jþ1 � 2Wiþ1;j þWiþ1;j�1

D/2 � _/i;j
Wiþ1;jþ1 �Wiþ1;j�1

2D/
�

_/
D/i;j

Wiþ1;j

ð22Þ

Eq. (22) is solved using a Gauss–Seidel method for each iterative
solution of the orientation equations. In general, a total of four iter-
ations of each of the flow field equations, and of the orientation
equations were required to obtain a fully converged solution. An
example of the convergence of the flow field is shown in Fig. 4.

The mesh used to solve the fluid mass and momentum equa-
tions is shown in Fig. 5(a). It consisted of 555 quadrilateral cells
and 608 nodes. Each streamline was discretized uniformly using
a total of 100 mesh points in the streamline variable, s, and a uni-
form, 500 point grid was used in / when solving the orientation
equations. Mesh independent solutions were obtained in each case.
Solutions were compared for W and u on the 555 cell mesh, with
those obtained on fine mesh consisting of 6528 quadrilateral cells
and 6708 nodes.

We define the relative solution error for these primary variables
as follows. For W, we define the error as

DW ¼ WFine �WCoarsek k2

WFinek k2
ð23Þ

and for the velocity field, u,

Du ¼ uFine � uCoarsek k2

uFinek k2
ð24Þ

For the velocity field, we also define the solution difference, du,
as follows:

du ¼ juFine � uCoarsej ð25Þ

Fig. 6 shows a comparison of the difference in solutions ob-
tained on the two meshes. For the velocity field, we first show
the solution difference, du along each streamline in the upper half
of the channel. This is followed by the L2 norm of the relative dif-
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Fig. 4. Plot of the L2 norm of the relative change in the velocity vector between
successive iterations.
ference in solutions along each streamline obtained with the two
different mesh sizes. We show only the streamlines for the upper
half of the channel, where streamline 1 corresponds to the stream-
line closest the channel wall, while streamline 7 (C) corresponds to
the channel centerline. In the case of the fine mesh, 300 mesh
points are used to discretize the streamline variable, s, and the
solution obtained on the coarse mesh is interpolated onto the fine
mesh in order to make a comparison. For the flow field, (a), we see
that du 6 0:001 everywhere except for the streamline closest to
the wall and only near the channel exit. Furthermore, the L2 norm
of the relative solution difference is less than 8% in all cases, with
the greatest error occurring along the streamline nearest the chan-
nel wall.

3. Results

In this section, we present numerical predictions of the flow
field and fiber orientation distribution for the flow of semi-dilute
fiber suspensions with nL3 ¼ 8. All predictions are based on water
at 20 �C as the suspending fluid.

3.1. Effect of fiber phase on flow field

We begin the analysis by comparing the predicted velocity
fields. Figs. 7 and 8 show plots of the velocity field vectors corre-
sponding to the pure fluid flow and for the suspension flow,
respectively. The velocity vectors corresponding to the pure fluid
flow is always in the same direction as that of the fiber suspension
flow. This result is largely due to the fact that the channel geome-
try imposes large acceleration on the flow and forces it in one prin-
cipal direction, namely toward the exit. Since the flow is laminar,
accelerating, and bound by a linear taper, no significant directional
changes occur in the flow field when the two-way coupling term is
included.

The fiber phase does, however, have a significant impact on the
flow. A careful examination of the velocity profiles shows that
structural changes occur when the fiber phase is considered in
the momentum equations. Fig. 9 supports this claim. Here, the
velocity in the x-direction of the suspension flow is compared to
that of the pure fluid flow along the centerline of the channel. This
plot shows that the centerline velocity is always greater for the
suspension flows compared to the flow of pure water, and is essen-
tially independent of the fiber orientation state at the channel in-
let. For the suspension flow, we argue that the effect of the fiber
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Fig. 7. Vector plots of the velocity field for the flow of water.

Fig. 8. Vector plots of the velocity field for the suspension flow.
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phase is to redirect the flow near the channel walls toward the
middle of the contraction. As will be shown in Section 3.2, near
the channel walls, fiber orientation tends to shift away from the
walls and toward the middle of the channel. This shift in fiber ori-
entation is believed to redirect the flow toward the middle of the
channel resulting in an increased velocity magnitude away from
the walls and a suspension that flows faster than would a pure
fluid under identical conditions. Generally speaking, this behavior
is the same for both the initially aligned and initially random sus-
pension orientation states. This finding may in fact be related to a
reduction in near wall shear stress. Reductions in drag associated
with turbulent suspension flows have previously been observed
by other investigators (e.g. Paschkewitz et al., 2004), however, this
phenomenon has not been further studied here.

Structural differences also occur to the flow field across the
channel, that is, in the y-direction, for the fiber suspension flow.
Fig. 10 shows the velocity magnitude distributions as a function
of channel height, y, at several fixed points along the channel
length for the initially aligned suspension, the initially random sus-
pension, and for the pure fluid. For the flow of the pure fluid, the
highest point of velocity occurs along the channel centerline and
decreases to zero along the channel walls, a result which is typical
of a laminar Newtonian channel flow. The flow resembles the clas-
sic Jeffery–Hamel flow.

However, when the fibers are present, the velocity profiles are
significantly different. Near the centerline, the velocity profiles
change from having a large degree of curvature to something that
is approximately constant across the channel cross-section, that is
in the y-direction, except in a small region very close to the wall.
To reiterate, it is believed that the fiber phase redirects the flow near
the channel walls toward the middle of the contraction, effectively
increasing the velocity magnitude around the centerline and creat-
ing something that appears to have a plug flow velocity distribution.
It should be pointed out that this effect is most notable closer to the
channel inlet where a-physical fiber orientation states may arise
near the walls. However, since there are no noticeable differences
in velocity profiles between the initially aligned and initially random
orientation states, the effect of inadequately prescribing boundary
conditions on W is thought to be small. These numerical predictions
of the velocity profiles are in agreement with the experimental
results of Xu and Aidun (2005). However, here, we argue that the
plug-type flow profile results from the momentum transfer between
the fluid and fiber phases, along with a redirection of flow near the
channel walls into the middle of the channel. Similar numerical pre-
dictions have been made by Lin et al. (2007) in studying the flow of
turbulent fiber suspensions through a converging channel. They
too showed that significant structural changes to the mean velocity
profile occur when the fiber phase is considered. However, they
found a decrease in the centerline velocity along with a significant
increase in the velocity near the channel walls. Other attempts at
modeling the flow of fiber suspensions using non-Newtonian stress
models have seen limited success. For example, Duffy (2003)
reviewed several attempts at using non-Newtonian models such as
shear thinning and thickening, Bingham plastic, and friction fac-
tor-Reynolds number method and showed that none of these models
were suitable when describing fiber suspension flow. Duffy (2003)
proposed several mechanistic based models, however, these models
relied on empirical correlations in order for them to be successful. It
would certainly make for interesting future work to confirm the
numerical predictions made in this work with experimental
measurements.

Another point of interest is to compare the effect of the fibers on
the streamlines of the flow. Comparing the streamlines is particu-
larly important for streamline solution techniques to the fiber orien-
tation problem (e.g. Poitou et al., 2000; Chiba and Nakamura, 1998),
such as the method used in this work, as well as in the so-called
aligned fiber approximation. In the aligned fiber approximation, fi-
ber alignment is assumed to be parallel to the streamlines of the flow
(e.g. Lipscomb and Denn, 1988). While both techniques can be quite
accurate for certain flow fields, it is obviously critical to accurately
predict the streamlines. Fig. 11 shows a comparison of the predicted
location of the streamlines. To re-iterate, we place streamlines at the
inlet channel heights of y = ±0.0220, ±0.0183, ±0.0147, ±0.0110,



Fig. 11. Comparison of streamlines for the flow of pure water (top), for the partially
aligned suspension (middle) and for the initially random suspension (bottom).
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±0.0073, ±0.0037, 0. The most notable differences in the streamlines
is that for the suspension flow, the streamlines become considerably
closer to each other, again supporting the notion that the fibers effec-
tively redirect the flow toward the middle of the channel. This is
most obvious by comparing the streamlines closest to the channel
walls. For the pure fluid, we see that the streamlines originating clos-
est to the walls, i.e. those originating at y = ±0.0220, come very close
and parallel to the walls. It should be noted that although the stream-
lines appear to touch the wall, this is in fact not correct – it is a repro-
duction problem. These same streamlines in the suspension flow are
also parallel to the walls, however, they maintain a greater distance
from the wall and do so much farther along the channel length. For
the initially random suspension, the streamlines maintain this in-
creased distance from the wall through to the channel exit. Further,
there is a noticeable curvature to the streamlines associated with the
pure fluid, particularly near the channel inlet. This curvature is far
less obvious in the streamlines associated with the suspension flow.
The streamlines associated with the initially random suspension
show the least curvature and are closer to each other compared with
the initially aligned suspension. This is again most obvious by noting
the large gap between these streamlines and the wall in the initially
random suspension. It should be mentioned that the asymmetry in
the y-direction corresponding to the partially aligned suspension is
likely the result of an asymmetry in the measured orientation distri-
bution at the contraction inlet, see Fig. 3.

3.2. Orientation distribution

Here we look at the effect of the two-way coupling on the ori-
entation distribution function. Before proceeding to the main find-
ings of this section, it is instructive to characterize the evolution of
the orientation distribution of interacting fibers along the channel
length. Fig. 12 shows the evolution of W along the channel center-
line, and along one upper and one lower streamline. The key obser-
vation that can be made is that the fiber orientation is most
random-like at the channel inlet and becomes increasingly aligned
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in the streamline direction toward the channel exit. This behavior
is most obvious along the central streamline and is typical of all
cases simulated. From the non-centerline streamline plots, it can
be seen that the fiber orientation distribution is clustered about
the streamline direction near the inlet and shifts toward the cen-
terline direction near the contraction exit. That is, fibers become
highly aligned near the exit in a direction parallel to the x-axis.

In order to better visualize and interpret the orientation distri-
bution over the entire xy-plane we plot the vectors indicating the
principal direction of fiber alignment. The principal direction of fi-
ber alignment, p, is defined as the eigenvector associated with the
largest eigenvalue of the second-order orientation tensor, hppi,
where hppi is defined as

hppi ¼
Z

pipjWð/Þd/ ð26Þ

Fig. 13 compares field plots of p obtained with and without the
two-way coupling for the fiber suspension entering the channel in
a pre-aligned orientation state. The general trend is for fibers to
align parallel to streamlines, that is, in the principal direction of
the acceleration of the flow. This same trend is found for solutions
obtained with and without the coupling, however, the streamlines
and streamline directions are not identical when the two-way cou-
pling term is included. As was previously discussed in Section 3.1,
the streamlines predicted when the two-way coupling term is in-
cluded are not exactly the same as those predicted without the
coupling, where the later tend to show a fair amount of curvature
when compared to the former.
a

b

Fig. 13. Comparison of the principal direction of fiber alignment for the initially
aligned suspension predicted with two-way coupling (a) and without two-way
coupling (b).

Fig. 14. Comparison of the principal direction of fiber alignment for the initially
random suspension predicted with two-way coupling (a) and without two-way
coupling (b).
Fig. 14 compares field plots of p obtained with and without
the two-way coupling for the fiber suspension entering the
channel in a random orientation state. The situation here is quite
different. When the suspension enters the channel in a random
orientation state, we can see that, when the two-way coupling
is accounted for, the suspension aligns in the streamline direc-
tion after only a short distance down the channel, i.e. near the
point x = 20 mm. However, when the two-way coupling is not in-
cluded, the suspension is predicted to become fully aligned very
close to the exit, i.e. near the point x = 120 mm. This is of partic-
ular importance when modeling industrial headbox flows in
papermaking, since fiber suspensions entering a headbox are
typically assumed to be fully random in orientation state. Fur-
thermore, many numerical studies of fiber orientation in the
headbox assume fibers enter in a fully random orientation state
(e.g. Olson et al., 2004; Parsheh et al., 2006; Hyensjö et al., 2007;
Hyensjo and Dahlkild, 2008) and knowing how quickly a pulp
suspension aligns in the headbox nozzle could be critical to its
design.

To fully characterize the fiber orientation distribution in the
channel, we define a measure of the degree of fiber alignment
about the principal direction of orientation, A/. A value of A/ equal
to unity corresponds to a perfectly aligned suspension, and when
A/ = 0.5, the suspension is in a fully random, or uniform orientation
state. A/ can analogously be thought of as a measure of the orien-
tation anisotropy for the suspension. We define A/ mathematically
as follows:
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/ ¼

Z p
2

�p
2

W cos2 /d/ ð27Þ

Profiles of A/ with respect to channel height are compared using
coupled and uncoupled models at three discrete points along the
channel length. Shown in Fig. 15 is a comparison of the pre-aligned
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Fig. 15. Comparison of the predicted orientation anisotropy vs. channel height for
solutions obtained with and without the two-way coupling at fixed position along
the channel length for the initially aligned suspension. The profiles shown
correspond to (a) x=xend ¼ 0:3, (b) x=xend ¼ 0:6 and (c) x=xend ¼ 0:95.
suspension flow. For the most part, A/ is not significantly altered
when the two-way coupling is included in the calculations.
Fig. 15 does, however, show some subtle differences, namely that
A/ is slightly overestimated, and somewhat more constant across
the channel when the two-way coupling is not included. These
small differences are not believed to have to be significant for this
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Fig. 16. Comparison of the predicted orientation anisotropy vs. channel height for
solutions obtained with and without the two-way coupling at fixed position along
the channel length for the initially random suspension. The profiles shown
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particular flow field, channel geometry and inlet fiber orientation
state, however, should still be considered when working with an
uncoupled model of fiber orientation.

Fig. 16 shows this same comparison for the suspension which
enters the channel in a fully random orientation state. In this case,
the orientation anisotropy predicted with and without the
two-way coupling is again quite different for an initially random
orientation state. Not only is the magnitude of A/ significantly dif-
ferent across the channel, but its character has been significantly
changed as well, particularly near the channel centerline.
4. Conclusion

The flow and orientation state of semi-dilute rigid fiber suspen-
sions has been modeled for laminar flow inside a tapered channel
using the constitutive model of Shaqfeh and Fredrickson (1990).
The model accounts for the two-way interaction between the flow
field and fiber orientation state where the flow field influences
fiber orientation and the fiber orientation state simultaneously
affects the flow field. Long range hydrodynamic fiber–fiber interac-
tions have been included in the model using experimentally deter-
mined values for the interaction coefficient. Two different fiber
orientation states at the channel inlet are considered, one a par-
tially aligned orientation state, the other, a random orientation
state.

The effect of the fiber phase on the flow field is shown to be sig-
nificant regardless of fiber orientation at the inlet. It is argues that
the fiber phase redirects the flow from the channel walls toward
the middle of the channel, changing the velocity profile from the
standard, laminar, Newtonian channel flow, to something resem-
bling a plug type flow. The fiber phase is also shown to alter the
location and direction of the streamlines across the channel length.
For the flow of a pure Newtonian fluid, the streamlines display cur-
vature, and remain well separated from one another. However, for
the suspension flow, the streamlines lose their curvature and
become highly linear and more closely packed to each other. This
effect is most pronounced when the suspension enters the channel
in a random orientation state.

Including the two-way coupling has a small effect on fiber ori-
entation predictions in the channel, particularly when the suspen-
sion enters the channel in a aligned orientation state. In this case,
the principal direction of fiber orientation remains parallel to the
streamlines. However, in the uncoupled case, this could prove to
give false predictions of fiber orientation since the streamline posi-
tion and direction change in response to the two-way coupling.
The effect of the two-way coupling on fiber orientation anisotropy
is also small for this case, but not believed to be significant. A sig-
nificant difference was found when the suspension enters the
channel with a random orientation state. In this case, it was shown
that when the coupling term is not included, the suspension does
not align nearly as fast in the streamline direction, as predicted
when the two-way coupling is accounted for. The orientation
anisotropy was also shown to be significantly different for the ini-
tially random suspension, both quantitatively and qualitatively,
when the two-way coupling is included. These findings would sug-
gest the two-way coupling plays a fundamental role in predicting
both the flow field and fiber orientation state for the flow of sus-
pension with a random inlet orientation state.
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